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1. STATEMENT OF THE PROBLEM 
E. Norman and W. F. Trench [l] h ave recently studied the differential 
system 
Xi’ = hi(X) xi (i = l,..., n), (1) 
where X = (x1 ,..., x,) is a real n-vector and each Ai is a real-valued, contin- 
uously differentiable, homogeneous function of even integer degree 2m > 0. 
For the case n = 2, they showed that the zero solution of (1) is asymptotically 
stable in the whole if, for xrxa f 0, both h,(xr , 0) and h,(O, xJ are negative 
and at least one of the values A,(%, , xa) and h,(xr , x2) is negative. For the 
general case TZ > 2, they made the following conjecture: “If for any partition 
[iI ,*--, Gl, [Gc,l >*-*, CL] of [L..., n] into disjoint subsets (either of which may be 
empty), at least one of functions hi1 ,..., Xi K is negative at any nonzero point of 
the hyperplane 
xG6+l = $& = *-- czz xi, = 0, 
then (1) is asymptotically stable in the whole.” It is shown below that this 
statement is not generally true if n > 2. 
2. GEOMETRICAL INTERPRETATION 
It is, of course, obvious that any coordinate subspace defined by a system of 
constraints 
Xi, = Oy***, Xi& = 0, 
where 
h..., 4J c {L-v 4, 
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is an invariant set for (1). In particular, each coordinate half-axis, with the 
origin deleted, is a trajectory. One specialization of the hypothesis of the 
conjecture requires that these trajectories be directed toward the origin. 
For n = 2, the other specialization of the hypothesis of the conjecture may 
be interpreted as follows: If X is in the (open) itb quadrant, then the tangent 
vector at X to the trajectory of (1) through X must not lie in the closure of the 
ith quadrant in the euclidean tangent space at X. If, with increasing time, 
then, a point on a trajectory is not moving toward one axis, it must be moving 
toward the other axis. This condition together with the homogeneity of (1) 
guarantees that any nontrivial trajectory will ultimately enter the solution 
flow near an axis and will subsequently be directed toward the origin. 
Consider next the case n = 3 and suppose that (1) satisfies the hypotheses 
of the conjecture. Then in each coordinate hyperplane, the phase geometry 
for (1) is as described above for the case n = 2. Now, however, there is the 
additional condition that if X is in the (open) ith octant, then the tangent 
vector at X to the trajectory through X must not lie in the closure of the ith 
octant of the euclidean tangent space at X. Thus, with increasing time, the 
points on each trajectory in the ith octant are required to move in the direction 
of at Ieast one coordinate hyperplane. It is shown below that, despite the 
homogeneity of(l), this condition is not sufficient to force every trajectory to 
enter the solution flow near the axes. 
Because of the invariance of the coordinate hyperplanes with respect to the 
system (l), it is sufficient to construct the counterexample in the region 
XI >, o,..., x, 2 0 only, and this is done. 
Suppose, for motivation, that the system (1) with n = 3 had periodic 
orbits arbitrarily near the origin. Then certainly the zero solution would not 
be asymptotically stable. If, further, these periodic orbits were circles on a 
right circuIar cone with axis x1 = xs = xs , then every tangent vector to any 
one of these circular orbits would have at least one negative component. This 
suggests the possibility of constructing a stable system which satisfies the 
hypotheses of the conjecture but is not asymptoticaIly stable. Such a system is 
indeed constructed below. To give an exampIe exhibiting instability, the 
stable system is perturbed in such a way that the cone remains invariant and 
the circular orbits coalesce into unbounded spirals. The resulting system 
satisfies the hypotheses of the conjecture and is unstable. 
3. CONSTRUCTION OFSYSTEMSWITHAN INVARIANT CQNE 
To simplify the typography, the variable X = (x1 , x, , x3) is replaced by 
6 = (u, v, w) and, in the matrix equations below, +$ and 7 5 (x, y, x) are to 
be interpreted as column vectors. 
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one easily verifies that 
QTQ = I, Q’AQ = B, QTCQ = D. 
The cone $ defined by qrC’7 = 0 is an invariant set for the system 
rl’ = &I+ A) rl, E 3 0, c-3 
since 
whenever 77 = #(t) is a solution of (2). S ince the transformation [ = QT~ is a 
rigid rotation, the cone X defined by K(t) = ITO4 = 0 is an invariant set for 
the system 
f’ = (cd + B) .f. (3) 
Each solution 7 = 9(t) of (2) on the cone f is of the form 
.&! = x ,d%) 0 2 y = -J- xOeE(t-to) sin 4/3(t - t,), 
2/3 
1 
x = ---z x f?c(t-to) cos $qt - to). 
2/3 O 
If x,, f 0, then the trajectory of any such solution is a circle for E = 0 and an 
unbounded spiral with the origin for its or-limit set if E > 0. The trajectories 
of (3) initiating at points of Z in the (open) first octant 0 must, of course, 
have the same features. 
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The trajectories of (3) coincide with those of the system 
I$ = UWW2(d + B) .$ (41 
at all points E in 0 since the right side of (4) is a scalar multiple of the right side 
of (3) at each such point (see [2]). 
The final step in the contruction is the replacement of (4) by the system 
u2 0 0 
E’ = u2v2w2(rI -j- B) f - KS(f) 0 v2 0 (5) 
0 0 
Then, if [ is in S, K(s) = 0 and the tangent vector at 5 # 0 to the trajectory 
of (5) through .$ has the same direction as the tangent vector at E to the 
trajectory of (3) through 1. This establishes that S is an invariant set for (5). 
It follows that the trajectories of (5) which initiate on X are circles on X 
if E = 0. If E > 0, these trajectories are unbounded spirals, each one of which 
has the origin for its a-limit set. 
The system (5) can be put in the form (I) with 
x,(t) = uv2w2(a + v - w) - u2K2(f), 
X,(E) = u2vw2( -u + EV + w) - v2K2(@, %I 
X,(t) = u2v2w(u - v + ew) - zSK2(f) 
and m = 3. 
4. VERIFICATION OF THE CONJECTU~ HYPOTHESES 
Let E, 0 < E *J3/5, be so small that 
Then at least one of the numbers A,(.$), h,(t), X,(f) is negative whenever 8 
is in lo. 
To establish the assertion, it is convenient to express [ in the form 
6 = a.p + bq, where p = 3-l/2( 1, 1, 1) and q is a unit vector, orthogonal to p. 
In terms of this representation, one may say that 6 is not in @, the closure of 0, 
hence one of its components is negative, if b/a > 42. Further, the action of B 
on f is easily described: 
Bf = bBq 
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where p, 4, Bq are mutually orthogonal and 11 Bq 11 = 43. Thus 
(J + B) E = EUP + 6 -Y, (7) 
where y = (q + &d/II q + Bq II. 
Let 9 denote the solid cone in U defined by the condition that .$ = ap + bq 
is in 9 if and only if 
(8) 
It follows from (7) and (8) that if 5 is in 0 - 9, then the ratio of the I 
component of (~1 + B) f to its p component exceeds 1/z, and (~1 + B)f is 
consequently not in 8. It is then apparent from (6) that one of h,(t), h,(t), 
and As([) is negative for every & in 07 - 9. 
Suppose, on the other hand, that 4 = ap + bq is in 9. Then, writing 
7 = Q[, one finds that 
1 
~=a 0 +b sin0 I 0 0 i 1 cos 8 
for some 0, and 
K(t) = qT’y = b2 - a2/3. 
BY P3h 
and it follows that 
= d/5 au2v2w2 
[ 
u3 + 213 + w3 
E - 
1/3 au2v2w2 
W)] 
< d3 au2vaw2 b - a3(u~J~~2w3) PZ(E)]. 
Since a = 3-1/2(u + v + w), one can deduce from the inequalities 
28 + v3 + w3 3 3uvw and (u + v + ~0)~ > 27uvw 
that 
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for E in 0. Then 
s(t) < 1/3UU2VW[E - 9m(4] < 0, 
and at least one of the hi(e) ‘s must be negative for every 6 in 2. 
Finally, let t be a nonzero point in one of the coordinate hyperpianes 
bounding 0 so that one or two, but not three, of its components are zero. Then 
5(15) = -zPK2(f), h,(f) = -v2K2(%), u&yl = -zu2K2(~), 
and it is apparent that all the other hypotheses of the conjecture are satisfied 
since K has zero values only on X and X intersects the coordinate hyper- 
planes only at the origin. 
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